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ABSTRACT. In this paper, we investigate several inclusion relationships of certain subclasses
of meromorphically p-valent functions which are defined here by means of a linear operator
involving the generalized hypergeometric function . We introduce and investigate several new
subclasses of p-valent starlike, p-valent convex, p-valent close-to-convex and p-valent quasi-
convex meromorphic functions.
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1. INTRODUCTION

Let ¥, ,, denote the class of functions of the form:
fR)=27+) ws* (peN={1,21}), (1)
k=m

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |z| < 1} = U\{0}. We also denote ¥, 1, = X, . A function f € ¥, ,, is said to be in the
class X5 (a) of meromorphically p-valent starlike functions of order « in U if and only if

zf/(z) —o (2 : «
Re(f(z)>< (zeU;0<a<p). (2)

Also a function f € ¥, ,, is said to be in the class £Cp(c) of meromorphically p-valent convex
of order v in U if and only if

Re(l—i—zf,(z)><—a (zeU;0<a<p). (3)
It is easy to observe from (2) and (3) that
£(2) € 20, () & —2L p(z> € %S (a) . (4)
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For a function f € ¥, m, we say that f € XK,(3, ) if there exists a function g € £S5 () such
that

9(2)
Functions in the class XK, (3, «) are called meromorphically p-valent close-to-convex functions
of order 3 and type a. We also say that a function f € %,,, is in the class XK} (8, a) of

meromorphically quasi-convex functions of order # and type « if there exists a function
g € ¥Cp(a) such that

Re(zf/(z)><—ﬁ (zeU;0<a,B<p). (5)

Re M <=0 (z€eU;0<a,f<Dp). (6)
g (2)
It follows from (5) and (6) that
1) esrp.0) & - L exr (5.0, )

where ¥.55(a) and XCy(a) are, respectively, the classes of meromorphically p-valent starlike
functions of order o and meromorphically p-valent convex functions of order a (0 < av < p)(see
Aouf [2]).

For a function f(z) € X, given by (1) and g(z) € ¥, ,,, defined by

g(2) =277+ bz", (8)
k=m
we define the Hadamard product (or convolution) of f(z) and g(z) by
f@)xg(z) = (fx9)(z) = 2P+ Y arbwz® = (9% f)(z) (pEN). (9)
k=m

For real or complex numbers

ai,..,aq and B, ...,8s (B ¢ Zy ={0,-1,-2,...};j =1,2,...,5),

we consider the generalized hypergeometric function ¢Fs(aa, ..., og; 1, ..., Bs; 2) by (see, for ex-
ample, [13, p.19])
o (1)g-(ag)r, 2
Fs(ag,...,aq; B1, ..., Bs;2) = — 10
q 5( 1 q) M1 s ) kZ:O (Bl)k(ﬁs)k k! ( )
(¢<s+1;q,s€ Ng=NU{0};z€U),

where (6), is the Pochhammer symbol defined, in terms of the Gamma function I', by

(0), reoe+v) (1 (v =0;6 € C\{0} = C*), (11)
YoTe) L 00-1)..(0+v—1) (reN;9eC).
Corresponding to the function ¢p (a1, ..., aq; B, ..., Bs; 2) given by
¢p(a17 "‘aaq;ﬁla "‘aﬁs;z) - Z_p qFS(a17 "'7aq;/617 "'7ﬁ8;z) ) (12)

we introduce a function ¢y, (1, ..., ag; B1, ..., Bs; 2) defined by

1
2P(1 — z)ptp

(> —p;2€U"). (13)

Gp(1, ooy g By ooy Bss 2) * p plain, ooy 0g; B,y oy Bsy 2) =
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We now define a linear operator Hp.¢'s(an, ..., g; B1, oy Bs) + Zpom — Spm Dy
Hg}éi(ah -'-704q;517 768)f(z) = ¢p,#(ala ceey Qg ﬁla "-aﬁs; Z) * f(Z) (14)

(aivﬂj S C\Zavl = ]-a-"aQ7j = 15"'78 P> _p)f € Ep,m;z € U*) :

For convenience, we write

H;Zfé(al, ey Qg ﬁl, ceny ﬁs) = Hg}éi(al)
and
Hy B (on) = Hp (1) (1> —p).
If f(2) is given by (1), then from (14), we deduce that

m, - (1 + D)k (B prkee-(Bs) pik k . %
HP:QfLS(al)f(Z) =z P + I;n (Oi)p-{-k---l(]aq)p-i-k; L arz (/vL > b; =z S U ) (15)
It easily follows from (15) that
2 (HP(0n) £(2)) = o+ p)HpE n) F(2) — (e + 2p) Hpt (o) £(2) (16)
and
2 (Hygh(an + 1) f(2)) = arHygk(an) f(2) = (a1 + p)Hp ek (an + 1) f(2). (17)

The linear operator Hy.¢'s(a1) was introduced by Patel and Palit [12] .

We note that the linear operator Hyg's(aq) is closely related to the Choi-Saigo-Srivastava
operator [7] for analytic functions and is essentially motivated by the operators defined and
studied in [6].

Specializing the parameters p,o;(i = 1,2,...q),8;(j = 1,2, ...s),¢q and s we obtain the follo-
wing;:

(i) Hyso (0, 030)f(2) = Hysh (p+ 1,pip) f(2) = f(2);

i) Hy's (p,pip) f(2) = 2LEE2LG),

(
(i) HS2 (p+ 1,p5p) f(2) = ZHLIE1=l (),
(iv) H

p+1
z

PTPet 110 f(2) = Jep(f)(2) = 55 [tFPTLf(#)dt (¢ > 032 € U”), this integral
0
operator is defined by (34);
(v) BP0+ Lpsp)f(2) = 5 [P f(0)dt 5 (p € N;z € U”);
0

(vi) H;Eﬁ’"(a, Lia)f(z) = m = D""P=1f(2) (n > —p), the operator D""P~1 studied
by Ganigi and Uralegaddi [8], Yang [15], Aouf [1], Aouf and Srivastava [3] and Uralegaddi and
Patil [14];

(vii) Hy3'i(e,p+ p5a) f(2) = Ly(a, ) f(2) (a,c € R\Zy; > —p) (see Liu [10]);

(viil) HYY (4 1,n+ 15 0) f(2) = Lnuf(2) (> 0;n > —1) (see Yuan et al. [16]).

We also observe that, for m = 0, p = 1 replacing u by u — 1, we have the operator
H?jujw(al)f(z) = H, 4(01)f(z) defined by Cho and Kim [5].

We now define the following subclasses of the meromorphic function class ¥, ,, by means of
operator Hp¢k(ay).

iv)

Definition 1.1. In conjunction with (2) and (15),

NSyt aa) = {f: f € Xpm and H)W(a1) f(z) € £S5(a),0 < a <p,p e N} . (18)
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Definition 1.2. In conjunction with (3) and (15),
SO (oqya) = {f : f € Epm and H)W(an) f(2) € BCp() ,0 < a < p,p € N} . (19)

p?q?s p’q7s

Definition 1.3. In conjunction with (5) and (15),
EKm?p‘ (Oél;B,Oé) = {f : f € Ep,Tn and Hm“u(al)f(z) € ZKp(ﬁaa),

Psq>5 P:d:8
0<a,f<ppeN }. (20)

Definition 1.4. In conjunction with (6) and (15),
SEpgt (e Ba) = {f:f€Zpm and Hy (o) f(2) € 2K, (B,a),

p7q78 p7q7s
0<a,B<ppeN}. (21)

In order to establish our main results, we need the following lemma due to Miller and Mocanu
[11].
Lemma 1.1. [11]. Let 6(u,v) be a complez-valued function such that
0:D—C,DCcCxC (C is the complex plane)

and let w = uy + tug and v = vy + ive. Suppose that O(u,v) satisfies the following conditions:
(i) 6(u,v) is continuous in D;
(ii) (1,0) € D and Re{0(1,0)} > 0;
(#3) for all (iug,v1) € D such that

1
v < —5(1 +’LL%) , Re {Q(i’LLQ,’Ul)} <0.
Let

q(2) =14 qz+ @2 + ... (22)
be analytic in U such that (¢(z2),2q (2)) € D (z € U). If

Re {6(q(2),24'(2))} >0 (z€ D),
then
Re{q(2)} >0 (z€U).

In this paper, we investigate several inclusion relationships and integral-preserving properties
of certain subclasses of meromorphically p-valent functions which are defined here by means of
a linear operator involving the generalized hypergeometric function.

2. THE MAIN RESULTS

In this section, we give several inclusion relationships for meromorphic function classes, which
are associated with the operator Hy ¢ (aq).

Theorem 2.1. Let > —p and 0 < a < p,p € N. Then
SSypit nsa) € RS (arza) € Syt + 15 a).

Proof. We first show that

ES;?Z’;L—H(OQ; a) C XS () (> —p;0<a<ppeN). (23)
Let f(z) € 2857 (a1;a) and set
Z(H;?dfé(al)f(z))/ - —a— (p _ a)q(z) (24)

Hpg's(n) f(2)



M.K. AOUF, E.E. ALI: SOME INCLUSION RELATIONSHIPS FOR CERTAIN SUBCLASSES OF ... 7

where ¢(z) is given by (22). By using the identity (16), we obtain

Hyis" (1) /(2)
Hpg's(a1) f(2)

Differentiating (25) logarithmically with respect to z, we obtain

A(Hpgs (@)f()) _ 2(Hygs(e)f(2) (p — @)zq (2)

HyF () £ (2) Hy e f(2) | (- a(z) +a— (i +2)

(p— a)zq (2)
p—a)g(z) +a—(u+2p)

(1 +p) =—a—(p—a)g(z) + (p+2p). (25)

= —a—(p—a)g(z)+ (

Let
(p =)o
(p—)u+a—(u+2p)
with v = q(2) = u1 + up and v = 2¢ (z) = vy + ive. Then
(i) O(u,v) is continuous in D = ((C\ {%}) x C;
(ii) (1,0) € D with ®{6(1,0)} =p—a > 0.
(ifi) for all (fus,v1) € D such that v; < —3 (1 +u3), we have

. . —(p—a)n

Re{0(iuz,v1)} = R {(p_a)iuQJra—(qu?p)}
(p—a)lp+2p—alun

(p—a)ui + (a—p—2p)?% ~

 (p—a)(+ud)(p+2p—a) <0,

2 ([(p— a)ual’ + (n+2p — a)?)
which shows that 6(u,v) satisfies the hypotheses of Lemma 1. Consequently, we easily obtain
the inclusion relationship (23).

By using arguments similar to those detailed above, together with (17), we can also prove the
right part of Theorem 2.1, that is, that

NSyt (a ) C XS (ar + o) (n>—p;0 <a<ppeN). (27)

O(u,v) = (p— a)u —

IN

Combining the inclusion relationships (23) and (25), we complete the proof of Theorem 2.1. [

Theorem 2.2. Let u> —p and 0 < a<p,p € N. Then

£Cp (ar:a) C SO (o3 0) € SO (o + 1:a).

Proof. Let f € ECIT(}féH(al; «). Then, by Definition 1.2, we have

Hy bt (o) f(2) € 2Cpa)  (n> —p;0<a<ppeN).

Furthermore, in view of the relationship (4), we find that
z

—];(Hm’““(al)f(z))/ € ¥S;(a),

p’q7s

that is, that

p
Thus, by Definition 1.1 and Theorem 1.1, we have

z
—Z;f (2) € ZS’;E’S"H(OQ; a) C XS (o),

HIM Y (ay) <—Zf ) ) € %53 (a).
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which implies that

ECglq’LS*l(al, a) C SOy (au; Q).

The right part of Theorem 2.2 can be proved by using similar arguments. The proof of Theorem
2.2 is thus completed. O

Theorem 2.3. Let > —p and 0 < a,B <p,p € N. Then

DKy (a1 B,0) C DK (ens 5,0) € BE (on + 158, 0).

Proof. Let us begin by proving that

SE (005 8,0) € SKH (1: 8,0) (> —p;0 <o, B <p;p €N). (28)

Let f(z) € SK}4" ™ (a1; 8, a). Then there exists a function W(z) e %S, (ar) such that
e <Z(H574,’2“(a1)f(2))'

W(2) ><5 (zeU).

We put
H i (an)g(z) = ¥(z)
so that we have

Hm,;g—l—l /
o(2) € BS54 ;) and Re ( b ) <=8 (zeU).
Hpgs' (a1)g(z)
We next put
2(Hpigls(1) f(2))'
& =B —(p—0a(2), 29
A5 ) (2) =) )
where ¢(z) is given by (22). Thus, by using the identity (16), we obtain
SHP ) f(2) _ HRE () (F ()
Hyls™ (a1)g(2) Hyls™ (an)g(2)

’

2 [ ()] + o+ 20 Hygs (o)1 (2)
(3 (0n)g () + (o -+ 2p) s (en)g 2)
2 )

’

(2))] Hyt(01) (=1 (2)

Hpqsoz
[ o) + (1 + 2p)

Hy i (01)0(2) |
= [Hy (0)g(2)]

Hpg's(a1)g(2)

Hf(ang(z) )
Since g(z) € ES;T;#H(OQ; a), by Theorem 2.1, we can put
)G _ o e

e R

where
G(2) = g1(z,y) +ig2(z,y) and Re(G(2)) = g1(z,y) >0 (2 €U).

Then

;2 [ H e G ()]

z (H;?éfé+l(a1)f(2):| H /LS( )g(z) - (:U’ + 2]?) [5 + (p - B)Q(Z)]

H on)g(z) —a—(p—@)G() T (it 2) - 60
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We thus find from (29) that
(Hyd(a)f(2)) = —Hy(a1)g(2) [B+ (p = Ba(2)] - (31)

Differentiating both sides of (31) with respect to z, we obtain

/

2 [ (an) 2 (2)] /
Hiang)  — @@+t @-aGEB+ -] (2
By substituting (32) into (30), we have
z [(Hﬁd,‘éﬂ(m)f(@], (p— B)2q (2)
H g {(p ~0G) = 6 v a - (5 v o) } '

Taking u = q(2) = u1 + fup and v = 2¢ (z) = vy + ive, we define the function ®(u,v) by

(p— B)v
(p—a)G(2) +a— (n+2p)’

(u,v) = (p—Bu— (33)

where (u,v) € D = (C\D*) x C and

D* = {z:zE C and Re(G(2)) = g1(z,y) > 1+Z+p} .

Then it follows from (33) that
(i) ®(u,v) is continuous in D;
(i) (1,0) € D and Re{®(1,0)} =p— 3 > 0;
(ifi) for all (iug,v1) € D such that v; < —%(1 + u3), we have

. B (p— B)vy _
Re{®(iug,v1)} = Re{—(p —a)G(z)+a—p— 2p} a

_ (p—Burlp+2p—a—(p—a)gy) <
[(p— a)g1(z,y) + o — = 2p° + [(p — a)ga(@,y)]* ~
« __ =P rw)ut2p—a=(p-ag(y)

2((p— a)gi(@,y) + o — p—2p]> +2[(p — a)ga(z, y))?

which shows that ®(u,v) satisfies the hypotheses of Lemma 1.1. Thus, in light of (29), we easily
deduce the inclusion relationship (28). O

<0,

The remainder of our proof of Theorem 2.3 would make use of the identity (17) in an analogous
manner. We, therefore, choose to omit the details involved.

Theorem 2.4. Let p> —p and 0 < o, 3 < p, p € N. Then

EK;E’S“H(al;ﬂ,a) C YK, #(an; B,a) CBK T (aa + 158, ).

Proof. Just as we derived Theorem 2.2 as a consequence of Theorem 2.1 by using the equivalence
(4), we can also prove Theorem 2.4 by using Theorem 2.3 in conjunction with the equivalence
(7). O
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3. A SET OF INTEGRAL-PRESERVING PROPERTIES

In this section, we present several integral-preserving properties of the meromorphic function
classes introduced here. We first recall a familiar integral operator J. ,(f) defined by

z
C

T DD = Sy [0 (> 057 € Spm), (34)
0

which satisfies the following relationship :

2 (Hp (1) Jep(F)(2)) = cH (0n) F(2) = (e + )y (1) Jep(£)(2) - (35)

In order to obtain the integral-preserving properties involving the integral operator J.,(f), we
also need the following lemma which is popularly known as Jack’s lemma.

Lemma 3.1. [9]. Let w(z) be a non-constant function analytic in U with w(0) = 0. If |w(2)|
attains its mazimum value on the circle |z| =r < 1 at 2z, then

zow (20) = Cw(z),
where ¢ > 1 s a real number.
Theorem 3.1. Let ¢ > —p, p > —p and 0 < a < p, p € N. If f(2) € S, (a1; ), then
Jep(f)(2) € RS (on5a).

Proof. Suppose that f(z) € XS, 4 (1; ) and let

2 (Hyh(0)Jep(N) () pt (0 —20)w(2)

B lpNE) | Low() %
where w(0) = 0. Then, by using (35) and (36), we have
HEA(0)f(2) e (et 2p — 20)u() .
Hpls(1) Jep(f)(2) (1 —w(z))
Differentiating (37) logarithmically with respect to z, we obtain
d(Hp(e)f(2)  _ p(-2a)w(z) | aw'(z)
Hpls(on) f(2) 1 —w(2) 1 —w(z)
(c+2p — 2a)zw (2)
Ce—(c+2p—20)w(z)’ (38)
so that
d(Hyih(af(z) | - _ la-p(tw() , w'()
Hpls(en) f(2) 1—w(z) 1—w(z)
(¢4 2p — 20) 2w (2)
Ce—(c+2p—20)w(z) (39)
Now, assuming that |r|riz|1x‘ |w(z)] = |w(z0)| =1 (20 € U) and applying Jack’s lemma, we have
zow (20) = Cw(zo) (¢ >1). (40)

If we set w(z) = € (6 € R) in (3.6) and observe that

re{ =L ute))

1 —w(2p)

=0,
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then we obtain

e {zo<Hpq*;<a1>f<zO>>’+a} . { 2w (20) _ (e+2p — 20)z0w (20) }:
)

Hydls(ar) f(20) 1—w(z) ¢— (c+2p—2a)w(z

- 2(p — a)¢e” _

= Re{_u — e c— (c+2p— 2a)ei9]} -
2C(p—a)(c+p_a) >

= 3e(c+2p—2a)cosb + (c+ 2p— 2a)? =

Y

which obviously contradicts the hypothesis f(2) € £.5,4 (a1; ). Consequently, we can deduce
that |w(z)| < 1(z € U), which, in view of (36), proves the integral-preserving property asserted
by Theorem 5. O

Theorem 3.2. Let ¢ > —p, > —p, and 0 < a < p, p € N. If f(2) € BCpi's(a1;a), then
Jep(f)(2) € ECT(an; ).

Proof. By applying Theorem 3.1, it follows that

fz2) € BCM(ara) & _zf; (2) ¢ 2SI (s )
= T, (‘Z; (Z)> € NS (ar; )

o —%(Jc,pf( 2)) € DS (ay; )

p,q,s

= Jep(f)(2) € XCP (a5 )

p.q;s

which proves Theorem 3.2. O
Theorem 3.3. Let ¢ > —p, p > —p, 0< a,B < p and p € N. If f(z) € K, ¢'s(a1; 3, ), then
JC,p(f)( ) € EKzr)nq%(al;ﬁaa)'

Proof. Suppose that f(z) € XK,¢%(a1;6,a). Then, by Definition 3, there exists a function
g(z) € BS,79# (a; @) such that

))><—ﬁ (ze€U).

Thus, upon setting

Z(Hpqs(al) ,pf( )) — —(p— z
o sy H 0=~ = 0)a(2), (41)

where ¢(z) is given by (22), we find from (35) that

z (Hpgis(o1) f(2)) _ Hpgs(ar)(=2f(2) _
Hpls(a1)g(z) Hpgis(a1)g(z)
2(Hyg(on)Jep(=2f (2)) + (c+ p)Hpls(a1) Jep(—2f (2)) _
Z(Hpq8<al)J (9(2))) (c—i—p)Hqu‘f;(Oq)Jc’pg(z)
! ) 1

2(Hp'ghs(a1)Jep(=2f (2))) Pt (1) Jep (=21 (2))
pqus(al)Jcpg(z) (C+p) pIq{;nQS(al)Jcpg(z)

2(Hp'its (1) Je,pg(2)
HII: Z s(a1)Je, :g(z) + (c+p)

’

!
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Since g(z) € XSy (a5 @), we know from Theorem 5 that J.,g(2) € £Spq% (a1;a). So we can

set . )
2(Hpg's(01) Jepg(2))

Hqu’{ls (al)Jc,pg(Z)

+a=—(p—a)G(2), (42)

where
G(2) = g1(z,y) +ig2(z,y) and Re(G(2)) = g1(z,y) >0 (2 €U).

Then we have

;o 2(HY (1) ep(—2f (2))
S(HS (01) f(2)) pﬁ;n&usl(m)f’,c o T+p) B+ (- P2)

Henss) etk aGE () W
We also find from (41) that
2(Hy(an) Jepf(2) = (~Hy (1) Jepg(2) [8 + (0 = B)a(=)] - (44)
Differentiating both sides of (44) with respect to z, we obtain
[ (Hg e Tt ()| = —(H (o) eps(2) B+ (0~ Ba(2)] -
—(p = B)2q (2) Hy (1) Tepg (2) (45)
that is,
[t ey ,
e Joget) T
+tlatp-—a)GENB+ (- 0a=)] -
(46)
Substituting (46) into (43), we find that
S(Hps o) f () | o (b - 524 (2)
T R A e A Tl R A
Then, by setting
u=q(z) =ui +iug and v = zq (2) = v1 + vy ,
we can define the function 6(u,v) by
 (p— BVu— (p— B
R N ORI
(I

The remainder of our proof of Theorem 3.3 is similar to that of Theorem 2.3, so we choose to
omit the analogous details involved.

Theorem 3.4. Let ¢ > —p, u> —p,0<a,B8<p, peN. If f(z) € 2K, g4 (a1; 3, ), then
JC,p(f)( ) € EK;ZLSH(al;ﬁa Oé) :

Proof. Just as we derived Theorem 6 from Theorem 5, we easily deduce the integral-preserving
property asserted by Theorem 8 from Theorem 7.

Remark 3.1. (i) Puttingm =0,q =2,s = 1,01 = p+1,c0 = n+1(n > —1) and p = pu(p > 0)
in the above results, we obtain the results obtained by Aouf and Xu [4],

(13) Puttingm =0,p=1,g=2,s=1l, a1 =p+1l,ae =n+1(n> —1) and B1 = u(pn > 0) in
the above results,we obtain the results obtained by Yuan et al. [16].
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